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Abstract: The authors proposed a method
for order reduction of linear dynamic
systems using the advantages of the
Interpolation criterion and Routh method.
The denominator polynomial of the reduced
order model is determined by using the
Routh method while the numerator
coefficients are computed by minimizing the
integral square error between the original
and the reduced system using Interpolation
method. The proposed method guarantees
stability of the reduced model, if the original
high order system is stable system. A PID
controller is designed for the high order
original systems through its low order model
proposed. Some numerical examples were
considered to explain the effectiveness of the
method.

Keywords:  Interpolation criterion; Routh
method; Stability; integral square error.

1 INTRODUCTION

The approximation of linear systems
plays an important role in many engineering
applications, especially in control system
design, where the engineer is faced with
controlling a physical system for which an
analytic model is represented as a high order
linear system.

In many practical situations a fairly complex
and high order system is not only
tedious but also not cost effective for on-line
implementation. It is therefore desirable that a
high system be replaced by a low order system
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such that it retains the main qualitative
properties of the original system.

Several order reduction techniques for
linear dynamic systems in the frequency domain
are available the literature [1-4]. Further, some
methods have also been suggested by combining
the features of two different methods [5-7]. To
overcome these problems model order reduction
techniques are implemented. It is desirable to
reduce higher order transfer function to low
order model which are expected to approximate
the performance of original high order system.

A mixed method is proposed for the
reduction of high order continuous systems.
This method is developed from the method [1]
available in literature and it overcomes the
limitations and drawbacks of some existing
methods. In the present paper, Interpolation
method is used for obtaining the numerator and
Routh method is used for obtaining the
denominator of the reduced order model.

Then an optimum model (with minimum ISE)
is obtained by varying the interpolation points.
Using the proposed method a PID controller is
designed for the high order original systems.
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2 REDUCTION PROCEDURE
Let the transfer function of a higher order
system be represented by [6], [7]

dy+d;s+...+d ;8" d, (5)

e, +€ S+..+¢e,s" e, (s)
Where d;, i=0, 1... n-land ej, i=0, 1...
constants.

G(s)=

n arc

For the high order system a reduced k ™ order
model is proposed as given below,

dy+ EH 5 a, (5]
Bo+bs+ b s 4 bt B b (5)
Where the aj, i=0, 1... k-1 and bj, i=0, 1.... k
are constants.

Ris)=

Reduced order denominator:

Step 1: The denominator b, (s) of reduced

model can be obtained from the Routh Stability
array of the denominator of the original system
as given below:

The Routh array is formed by using the eqn.

(4):

The Routh table for the denominator of the
system is given below:

(2)

b=, D,=e., by=e., b,=e ..

by =t D=ty Dy=es Dy=e; .

by by by

by By

by,

b 9

Where b, =b, - Babiain , (4)
by

wherei>3and1< j < {(k _;+3)}
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b, (S) may be easily constructed from the
(n+1-k) " and (n+2-k) " and (n+2-k) " rows of
the above to give

bk (S) :bk+1—n.1sn + bk+2—n.1sni1 + karl—n.ZSrF2 to

()

@

Reduced order numerator:
The reduced order numerator polynomial is
derived in the following sequence:

1) Choose 2Kk point’s So, S; ... S2k-1, Sk € c (they

can be multiple) from the location of the poles
of the original systems and obtain g(s) as given
below:

9(5) =(5 = $5)(5 = 81). (= Syc1)
= (5-5)(5-5)"...(5-s;)"

Ay, S+,

2k
=S + 058

2) Divide d, (s)b, (s) by g(s) to get the quotient

e(s) and the remainder f(s).

3) Divide e, (s)a, (s) by g(s) to get the quotient

I(s) and the remainder h(s). It yields,

d, ()b, (s)=g(s)e(s)+ f (s)

&, (s)a (s)=g(s)l(s) + h(s)
Where both f(s) and h(s) are polynomials of
degree at most (2k-1),

©)

(d, (8)b (sN®

,=h®)

=9 =, (5)a (sN™
i

i=0L...j, k=0l..k_,.>k =2k
i=0

By using the basic theorem of algebra, it is
obtained that [1],

f (s) = h(s).
It is found that the coefficient of each term in
f(s) is the linear  combination  of
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a8y &,...., 8, and the coefficient of each term in

h(s) is the linear combination of By,b;...,0,, , .

A linear system with 2k+1 unknowns and 2k
equations is formed. Hence, bk is assumed as
‘1’ to make the no.of equations equal to the
no.of unknowns.

If the coefficient matrix of the above
linear system is nonsingular, then its solution

by,b,...,0,,4,...,8, ;can be
determined by using the Cramers rule.

uniquely

Numerator reduction procedure:

Step 1: Choose 2k point’s so, S, ... S2k-1, Sk € ¢

(they can be multiple) from the location of the
poles of the original systems and obtain g(s) as

m _
Cim-z =Dptyg + byyd, 1y,
m _
_bi:dn—l,

Chtn-1

e

()@ () = (e,8" + .o+ ) (a5

+ .t ag)
() Ftn-l (0] _k+m-2
=d; o8 +d;; o8 +...
oy ()]
+d s +dy,
fo)
do = €5,
0 _
d;”’ =a,e, +a,e,,
) _
dk+n—2 - aken—l -+ ak—zen,
) _
dk+n—1 - ak—1en.

Step 3: Divide d (s)b, (S) by g (s) to get f(s):

O ok, ) k2
given below: oS HhaS  F
gy $ gt 8l ] § )
g (S) = (S - So)(s - 51)----(3 - SZk—l) (0) ket (0 oken-2 0 okl
K K kj Ck+n—ls t g2k—lck+n—15 .t gOCk+n—ls
— _ 0 _ 1 _ _ e
=(S—5y)°(s—5)"....(S—55) ST N L
<2k 2k—1 k- -
=8 + 0,45 +...+ 0,5+ 0, PRI T
C&i)n_gskm—S . +Cé2)
Step 2: Compute dn(S)bk(s) and en(S)ax(s),
respectively, Ges atg
dn (S)bk (S) _ (dn_lsn—l T do) (kak 4o+ bo) T_hus get the recursive
relations:
© ke o o ¢’ =c{? _Clgi)n—lgi+kfn+l,
—_— +n_ -
=CyinaS Fo FC7SHG i=01,..,k+n-2,
2 _ ~® (€Y
C; =G —Cin2 i+k—n+2,
C(gO):bOdO’ i:O,l,,k+n_3,
3) _ ~2) (2)
Cl(o):b0d1+bld0, Ci =G —CinaPiikonas,
i=01,..,k+n—-4,
) _ ~0-D (1-1)
Ci” =¢C ~Crant Givk—na1,
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(-K) _ ~(—k-1)  (n-k-1)
Ci =C; —Cax gi
i=01,...,2k -1,

Divide €,(s)a, (S)by g (s) to get h(s):

0 onk1 | 40 k-2
dk+n—1s +dk+n—2s o

S I R L

0 oken-2

0) ank-1
+n—1s tot godk+n—15

O ot (
Oenss” + 05,0,

4 sl s

O oken-2 O onk-2
dk+n—2s -I""-I'godkm—zS

dlii)rHSkM_S +m+dé2)

s 4440
Thus get the recursive relations:

@ __ (€] (€]
CIi _di _dk+n—1gi+K7n+1,

i=01,....,k +n—2,

di(z) — di(l) —d.g:ljf)nfzgi+kfn+2,
i=01,...,k+n—3,

di(3) — di(z) —déi)n73gi+kfﬂ+3,
i—=0,1,..., k+n—4,

di(l) — di('fl) —déLiriLi| Girk—nar,

di(n—k) :di(n—k—l) _ dészfl)gi'
i=01...,2k -1,

When k <0, let go=0. In the above the
recursive relations, the superscript n in

ci(") represent the coefficients which are
obtained after carrying out the algorithm n
steps. And the subscript ‘i’ in " represents
the corresponding degree about the variables.

Step 4: By using the basic theorem of algebra,
it is obtained that [1], [10]

f (s) = h(s).
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It is found that the coefficient of each term in
f(s) in is the linear combination of

8, 8,...., 8, and the coefficient of each term in

h(s) is the linear combination of by,b;...,0, ;.

A linear system with 2k+1 unknowns and
2k equations is formed assuming b, =1.Thus,

the reduced model
equation (2).

IS obtained as given

4 NUMERICAL EXAMPLES

Example 1: consider the sixth order system as
given

s* +13s® +63s® +133s +102 d,(s)
s° +14.55° +81s* +2235° + 31857 + 212.55+50 €, (S)
A Second order reduced model is obtained
for the above higher order system, in following
steps, using the proposed method given in
section-3.

Ge (S) =

a+as  a (s)
b, +b,s+b,s* b, (s)

Rz (S) =

Step 1: Reduced Order denominator is obtained
by using Routh method as below:

e (s) =s® +14.5s° +81s* +223s° +318s” + 212,55 + 50

Routh Table:

s® 1 81 318 50
s® 14.5 223 212.5

s* 65.62 303.3 50

s® 155.9 201.2

s2 218.6 50

st 165.5

s? 50

Hence, the reduced order denominator is:
b, (s) = 218.6s? +165.5s + 50
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By normalizing the above, the reduced order Divide €,a, by g(s) to get the quotient I(s) and

denominator is: the remainder h(s).

b, (s) = +0.7574s +0.2288

Thus,
Step 2: The numerator of reduced order model h(s) = (1079.23a, +4773a,)s’ + (1270.68a, +8296.13,)s*
is obtained by the interpolation method as +(876.91a, +3935.2283, )s +50a, (2
given in proposed procedure
For a 2" order model the 4 required From equn (1) & equn (2), we get
interpolation points are selected randomly as: a, = 0.0809
0,06,2,3 a, =0.466

g(s) =s* —5.6s°® +9s® —3.6s
Hence, the reduced model is:

Where g(s) is the polynomial obtained by the 0.08095 -+ 0.466

R, (s) =
2(5) s? +0.75838s + 0.2287

selected interpolation points.

- The corresponding ISE = 0.148
From original order numerator and reduced

The procedure is repeated with another set of
interpolation points and the process is repeated
until optimum value of ISE is attained.

order denominator,
d, (s)b,(s) = (s* +13s® +63s” +133s +102)(s? +0.7574s +0.2288)

dn(S)bk (S) =4.372s° +60.15s° +319.55* +803s> +949.2s2 + 470.65s +1qzhe Optlmum reduced Ol‘der mOdel |S Obtalned

Divide d,(S)b, (S) by g (s) to get the quotient as, [11]

e(s) and the remainder f(s). R,(s) = 39'2%1322;;0";62;37
+ 0. =+ U.

Thus,

“Hup Feaponas

f (s) = 4276.425° —5523.93s% + 3181.04s +102 @ [FEEEEeEssetil

From original order numerator and reduced

il
order denominator, : : —  Criginal (6% oxdex)
8,8, = (s’ +14.55° +81s* +223s° + 318s” + 212.55 +50)(a,5 + &, _ —— Feduced (2% ordey)
e.a, =a,;s’ +(14.5a, +a,)s’ +(8la, +14.5a,)s’ _
+(223a, +8la,)s* +(318a, +223a,)s’ : : T 2 e
+(212.5a, +318a,)s" + (502, +21.52,)s + 50, Figl. Comparison of step response of original

and
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Example 2: Consider the 8" order system as Dl e g | Bl abryim | 1
follows: e
- 015
G(S) o RPN KELERE A9 = 1 3ds+01
_d,(s) TGS R 2IF BT 1| sosLm T 107583
e,(s)
d_(s)=0.01141s” +0.5119s° +2.4152s° + 4.918s*
~ st 630 4133 Res)= 0.0508
+6.2164s° + 4.6146s° = 4w s v 207 31 407583
+1.7134s+0.261
e, (s)=s®+9.83s’ +36.616s° + 65.852s° + 73.018¢ "3, ozt
3 2 sHHF et 4133 (HRTR _ 0361088/
+50.03s” +17.104s O e e e | T e
+1.919s5+0.25

A Second order reduced model is obtained for

the above higher order system, in following

steps, using the proposed method given in 15
section-3.

Skp Pespoise

a+as (s)

R.(s)= =
) b, +bs+b,s? b (s) 1:
By normalizing the above, the reduced order 3
denominator is(by applying routh method): g Ee=—
b, (s) =s® +0.07881s + 0..0186
05t ————  Feduced (2% axder) 7
Reduced order numerator (by applying Interpolatic
method):
Using the procedure the optimum reduced order . . . . . . .
. . 1} 20 0 &0 =) 0 kil 14
model is obtained as, Tine 29
0.05244s + 0.0194 Fig 2 Step response of original and reduced order
R,(s) = systems.

s +0.07881s +0.0186
Design of PID controller for reduced order

model is,

Let transfer function of the PID controller is,

kys® +k,s+k;
s

G.(s) =
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Applying ITAE performance index method to
the reduced model, the values of Kp, Ki and
Kd are obtained

0.05244s +0.0194
s* +0.07881s +0.0186

Rz (S) =

Now to obtain the closed-loop transfer function
for reduced order

The tuned PID values are

K, = —9.1331, K, =7.654,

Comparing characteristic equation of
compensated system to the optimum ITAE
characteristic equation as,

s® +1.75w_s® +3.25W’s + W’

The PID controller is added to the forward path
and the closed loop transfer function with unity
feedback of the system is given as:

_ G6:(8)G(S)
Tc (Ej -
1+ G- (5)G(S)
Where G(s) is the high order system and
Gc(s) is the PID controller transfer function.

Step Fes pons e

— Original (3% order)

nsf Reduced (27 ordes)

Compensatad

e Fec)

Fig 3 Step response of compensated system and
uncompensated systems
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CONCLUSION

In this paper, a new method is proposed
for the reduction of high order continuous
systems. The proposed method uses the
application of Interpolation method for
obtaining the numerator and Routh method for
obtaining the denominator of the reduced order
model. An optimum model (with minimum
ISE) is derived by varying the interpolation
points. Using the proposed method a PID

Ky = 23.8%99%controller is designed for the high order

original systems. A computer program is
developed for the proposed continuous systems
reduction method.
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