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ABSTRACT

Practical systems are highly nonlinear in nature and
operating points are changing as the system
operating conditions changes. Controlling of such
systems needs the design of appropriate controllers.
In general, fixed gain controllers are designed at
nominal operating conditions. These types of
controllers function satisfactorily near the nominal
operating point where they are designed and the
performance degrades as the operating point changes
in the wide range. So, to keep the system
performance near its optimum, efficient tracking of
the operating point and updating the controller
parameters corresponding to the current operating
point to obtain better performance is very much
essential. In this work, a method to find the PI
controller parameters with and without time delay
has been developed for the various applications
considered in this works. The method is based on the
plotting of the stability boundary locus in the (k,, ki)
plane and then computing the stabilizing values of
the parameters of PI controller. The method does not
need the use of Pade approximation and linear
programming to solve set of inequalities. To study the
effectiveness of the method, studies have been carried
out by considering the Air craft pitch control
application.
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INTRODUCTION

Controllers since these types of controllers have been
widely wused in industries for several decades.
However, many important have been recently reported
on There has been a great amount of research work on

Volume No: 5 (2018), Issue No: 9 (September)

www.ijmetmr.com

Dr.Ch.V.V.S. Bhaskara Reddy
Department of Electrical and Electronics
Engineering,

Andhra University College of Engineering (A),

Visakhapatnam, Andhra Pradesh 530003, India.

the tuning of Pl (proportional integral), PID
(proportional  integral derivative) and lag/lead
computation of all stabilizing P(Proportional),Pl
(proportional Integral) & PID controllers[1]. A new
and complete analytical solution based on the
generalized version of the Hermiter Biehler theorem
has been provided for computation of all stabilizing
constant gain controllers for a given plant. A linear
programming solution for characterizing all stabilizing
Pl and PID controllers for a given plant has been
obtained. This approach, besides being
computationally efficient, has revealed important
structural properties of Pl and PID controllers .For
example, it was shown that for a fixed proportional
gain, the set of stabilizing integral and derivative gains
lie in a convex set.

This method is very important since it can cope with
systems that are open loop stable or unstable,
minimum or non-minimum phase. However, the
computation time for this approach increases in an
exponential manner with the order of the system being
considered. It also needs sweeping over the
proportional gain to find all stabilizing Pl and PID
controllers, which is a disadvantage of the method. An
alternative fast approach to this problem based on the
use of the Nyquist plot. A stability boundary locus
approach for the design of Pl and PID controllers has
been given[2]. A parameter space approach for the
design of Pl and PID controllers. More direct graphical
approaches  to this problem based on frequency
response plots have been given. However, the
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requirement for frequency grinding has become the
major problem for this approach. Compensator design
in classical control engineering is based on a plant
with fixed parameters. In the real world, however,
most practical system models are not known exactly,
meaning that the system contains uncertainties. Much
recent work on systems with  uncertain parameters
has been based on Kharitonov theorem, there have
been many developments in the field of parametric
robust control related to the stability and performance
analysis of uncertain control systems represented as
interval plants.

In this work, a new approach is given for computation
of stabilizing Pl controllers in the parameter plane,
(kp, ki) plane. The result is used to obtain the stability
boundary locus over a possible smaller range of
frequency. Thus, a very fast way of calculating the
stabilizing values of PI controllers for a given SISO
(Single input single output) control system is given.
The proposed method is also used for computation of
Pl controllers for relative stabilization and for
achieving user specified gain and phase margins. An
extension of the method to find all stabilizing values of
the parameters of a PID controllers[4], namely kp,ki
and kd in the (kp,ki) plane, (kp,kd) plane and (ki,kd)
plane, is also given. It is shown that the stability
boundary for the convex polygon in the (ki, kd) plane
for affixed value of kp can be generated from four
straight lines. The equations of these straight lines can
be easily derived using the stability boundary of the
stabilizing regions obtained in the (kp,ki) and (kp,kd)
plane. The proposed method is finally used for
computation of PI controllers for the stabilization of
interval systems.

BOUNDARY LOCUS METHOD FOR WITH
AND WITHOUT TIME DELAY

The new technique has been proved here for
computation of stabilizing Pl controllers in the
parameter (ko ki) plane[3]. The proposed method is
also used for computation of Pl controllers for relative
stabilization and for achieving user specified gain and
phase margins. An extension of the method to find all
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stabilizing values of the parameters of a PID
controller[7,8], namely k, kiand kg in the (k, ki) plane,
(ko, Kg) plane and (ki kg) plane , is also given. The
proposed method is also applicable for interval
systems.

2.1 Boundary locus method without time delay
2.1.1 Stabilization using PI controller

Consider the single input, single output (SISO) control
system of fig 2.1 where[6]

"'\-.-P'

G(S)= E (1)

Is the plant to be controlled and C(S) is a PI controller
of the form

k.
CS)=kp + ?1 (2)

—_— C(s) o G(S)

h
L J

Figure 1 SISO control system with G(s)

The problem is to compute the parameters of the PI
controller of Eq.(2.2) that stabilize the system of Fig.
2.1

Decomposing the numerator and the denominator
polynomials Eqg. (2.1) into their even and odd parts and
substituting s=i ®

. N [—w2J+_jmm (—mzj
Gljor) =~ 2T T
Dcl_"'” J+jmm0{_—m }
The close loop characteristics polynomial of the
system can be written as
A(S}:IkiNc(—mz)—kpmzN[ 2) 02Dyl 2JJ

+J'[kprc(—w2]+kino( ]+u)D ( 2)] (3

= Als)=a+ jb

Equating real and imaginary part to zero
kp(—mzND[— mZJ]+ki (Ne[-0?))- szo[—mz) )

kp[““zNe[‘ wz)]”;[No(— 02 =0 -0?) (5)
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These are rewritten as
ka(w)+ K; R(w)=X(w)
kpS(©)+k;U(0)=Y(0)

Where
Qo)=-0™N (-0” |Ro)=N (-0’ )
S(m)=—wNC(—m2J,U(m)=(0Nc[—m2j (6)

X(w)= szO [— w? ] Y(w)= —wDe(— mzj
From these the equations are given as
_ X(0)U(@)-Y(0)R (o) ;
P Qu)Uln) - R(w)S(o) .
k. - Y(eWlo)-X(oB(o)
I Qlw)Ulw)-R(w)S(o)
Solving these two equations simultaneously, the
stability boundary locus | (kp,ki, ), in the (k,, ki) plane
can be obtained . choosing a test point within each
stable region that contains the values of stabilizing
koand k; parameters can be determined.

(8)

2.1.2 Stabilization for specified gain and phase
margins

Consider G.(s) = Ae™7°
characteristic equation is[5]

in Eq. (2.1), then the

A(s)- k, Al (- @ Jsin(g) - * ¥, (- " )eos(s))
kAN (- @ Jeaslg) + eV, (- @ Jsinlg) - D, (- @)

. j[kp.d(mfd'r(— (ul}cog(¢$)+ rulN”(— ml}.‘«'in(m) :|= 9
|k Al (- m’]ms(é)- N (-’ }sin(qi}] i cuD{(— @)

Als)=a+ jb
Equate the real and imaginary part to zero. And by
further substitution we have,

Qo) = AloNe (-0 inlg)- 02N -0 bos(o)

R(0)= AN (-2 bos(p) + oNo (-2 pin(e)

S(0)= AloNe[-0? kos(o) +02No -0 hin(o) (1)
Ul0) = AloNo - 02 kos(e) - Ne - 02 bin(o)

X(0)= 02D - 02 | ¥(0)= -aD¢ - 02)
To obtain the stability boundary locus for a given
value of gain margin A, one needs to set ¢ =0 in
Eq.(2.14). On the other hand, setting A=1 in Eq.
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(2.14). One can obtain the stability boundary locus for
a given phase margin o .

2.2 Boundary locus method with time delay

2.2.1 Stabilization using a Pl controller

Consider the single input, single output (SISO) control
system of Fig.2.2, where

@ ~1% ( 1 )
D(s) ‘

Ne(—w2)+ jmwo(—wz)
De(—w2)+j(o(oo(—c02)

Is the plant to be controlled C(s) is a PI controller of
the form

G ()=Gls)=G(s)e ™ =

G(jo)=

k. kpS+k, (12)
P
Cls)=kp+ El =-—= 1
Where the closed loop characteristic polynomial is
— Cls) Ge(S)

—

_|_

Figure.2: SISO control system with G (s)

lj0)= kN -kyo N Jostor) ok No +kyNe sintor) 7Dy 1+

P

(13)
ok Ny + kpNeJeostar) - N - kyo?Ng)sin(or) +ae]

Now evaluate the real and imaginary part to zero
kp{- u:?‘N0 cos(mr)+ w}Ne sin(rur)] v ki’Nc cos(w7) + mNO sin(mr)]= "JzDu

(14)

2 -a De

kp[“’Nc cos{wr)+ o N0 sin(.fur]]+ kileo cos(wr) - Nc sin(rur)]=

kp Q(tu)l k, Rlo)_X(o)
kp S(m]I k; Ulw)=¥(w)

From this we compute

Qo) - aN esin(or) — 02N goosl@r)
R(w) - N gcos(@r) + @N gsin((ar)
S(w) - aN goos{7 )+ 2N sinfar)
Ulw) - @, cos{@r) - N, sin(or)
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X{m] = w? Dy

Vi) 2 De

==

(15)

From these equations we kp and ki as,
X(0)U(0)- Y(0)R(w)

Qo)U(0)-R(@)(e)

o Y(©Rlo)-X()s(0)
' Qo)U(w)-R(0)S()
Once the stability boundary locus has been obtained

then it is necessary to test whether stabilizing
controllers exist or not since the stability boundary

locus, I(kyki, @), and the line ki =0 may divide the

kp=

parameter plane [( kp ki) plane] into stable and

unstable regions. Here, the ki =0 is the boundary line

obtained from substituting @ = 0 into Eq.(2.22) and
equating it to zero since a real root of A(s) of Eq.(2.22)
can cross over the imaginary axis at s = 0. It can be
seen that the stability boundary locus is dependent on
the frequency w which arrives from 0 to . However ,
one can consider the frequency below the critical

frequency, @, or the ultimate frequency since the

controller operates in this frequency range. Thus, the
critical frequency can be used to obtain the stability
boundary locus over a possible smaller range of

frequency such as coe[O,a)C] since the phase of

Gy(s) at s=j w, is equal to -180°.

ﬁ'{N.llll - NI‘DI }
N.D, +@’N.D,

tan{ ©7) = = fl@)

2.2.2 Stabilization for specified gain and phase
margins

Phase and gain margins are two important frequency
domain performance measures which are widely used
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in classical control theory for controller design.
Consider Fig.2.2 with a gain-phase margin

G(s) = Ae77®  which is connected in the feed
forward path.
Then Eq.(2.24) can be written as

Qlo) = {mN Esi:{ﬂr]— mzNumsh]

Rim)= A[Nemsh+mﬂosinh]
S{w) = {mﬂ Emshi—mzNosinh]

Ulw) = A[muonosh- Nesinh]
X((D) = 032D0

Y(w)= -®2De
Where h = wr + ¢and G(s) = Ae 1°,

Thus from these set of equation we find kp and ki
_ X(@)U()-Y(@)R(@)

“P = Qw)U(0)Rlw)()

c. = Y(©R(0)-X()s(e)
' Qo)U(0)-R(@)()
To obtain the stability boundary locus for a give value
of gain main A, one needs to set ¢ = 01in Eq.(2.26). on
the other hand, setting A=1 in Eq.(2.26), one can
obtain the stability boundary locus for a given phase
margin ¢.

CASE STUDIES

Aircraft pitch control with PI controller

Aircraft motion governing equation, this paper will not
spend time to deduce the pitch control systems transfer
function,but gives it directly according to
paper[9],[10],[11] & and &, represents the aircrafts
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pitch angle and elevator deflection angle. The transfer
function is given

AB(S) 11515+ 0.1774
AS.(S)  §3+4+0.73952 +0.921S
a0
Gactuatafr (S) = 160

substitute S = jw then equation becomes

A0(Gw)  jw(1.151) +0.1774
AS,(jw)  —0.739w2 +j[0.921w — w3]
Gactuat GW) = j::ﬁo
o= 10644
s =106440 (16)
u =69.06@

x=—60.739" + 55 260"
v=—@° +45261°

By substituting the p, g, ,r, s, X and y in Eqg.( 2.7 and
2.8) equations, then we get K,and K;.

Pitch controller without phase gain new
T

1 I I | 1 L
-5 0 5 10 15 20 25 30 35
Kpl

Figure 3 Air craft pitch control response without phase
and gain

3.2 pitch control for specified phase and gain
margin

Q(s)=-69.060"2+acosg +10.644 0
R(s) =10.644acos¢ + 69.06wasin ¢
S(s) =10.644wacosg+69.06m°a sing
U(s) = 69.06cs.c05¢ —10.644asin ¢
X (5) =—-60.7390" +55.260°

Y(s) = -0° +45.26100°
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e Al=1, 01=0
A2=2, B2 =30
e A3=3, B3=45
By substituting A by aland @ by @1 in p,q,r,s,x and
y.similarly for remaining gain and phases in Eq.(2.7
and 2.8)then we get K, and K;.

Pitch controller with phase gain
I
5 T T T

4 — Al=1,phil=0deg
[ — 22, phi2=30deg, ]

——— A3=3, phi3=45deg

3l

Ki
]
T
1

1+ 4

of -

5 (IJ 5I 16 ]1(;? ZIU 2|5 36 35
Figure 4 Air craft pitch control response for specified

Gain and Phase

Step Respanse

—— Kp=0.79 Ki=0.2
—— Kp=0.79,Ki=0.35
—  Ep=0.79,Ki=0.5

| | L L \
(] 10 20 Tima (@0nds) 40 50 60

Figure 5:Time response G(s) of pitch control
(kp=0.79,ki=0.20 and kp=0.79 ,ki=0.35 and
kp=0.79,ki=0.50)

By decreasing the K; and maintaining K, at constant
value the step response of the system is improved and
it is clear from the figure 5. From the figure 6 it is
obvious that by increasing K, and decreasing K; step

response of the system is improved.

Figure 6:Time response G(s) of pitch control
(kp=0.50,ki=0.50and kp=0.79,ki=0.35 and
kp=1.10,ki=0.20)
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CONCLUSION

A method to find the PI controller parameters with and
without time delay has been developed for the various
applications are developed. To study the effectiveness
of the method, studies have been carried out by
considering the Vehicle suspension system and Air
craft pitch control applications. The method is based
on the plotting of the stability boundary locus in the
(kp, ki) plane and then computing the stabilizing values
of the parameters of Pl controller. The method does
not need the use of Pade approximation and linear
programming to solve set of inequalities. The method
has several important advantages over existing results
obtained in this direction. Beyond the stabilisation, the
method is used to shift all the poles to a shifted half
plane that guarantees a settling time of response.
Computation of stabilising Pl controllers which
achieve user specified gain and phase margins are also
studied. The method gives the range of gains for which
the system is stable which will be useful for the
implementation of the method in real-time.
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